Indirect Model Reference Fuzzy Control of SISO Fractional Order Nonlinear Chaotic Systems  by Shirkhani, N. et al.
 Procedia Computer Science  102 ( 2016 )  309 – 316 
Available online at www.sciencedirect.com
1877-0509 © 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Organizing Committee of ICAFS 2016
doi: 10.1016/j.procs.2016.09.406 
ScienceDirect
12th International Conference on Application of Fuzzy Systems and Soft Computing, ICAFS 
2016, 29-30 August 2016, Vienna, Austria 
Indirect model reference fuzzy control of SISO fractional order 
nonlinear chaotic systems
N. Shirkhania*, M. Ahmadieh Khanesarb, and M. Teshnehlabc
aDepartment of Electrical and Computer Engineering, Science and Research Branch, Islamic Azad University, Tehran, Iran 
Email: n.shirkhani63@yahoo.com 
bFaculty of Electrical and Computer Engineering, Semnan University, Semnan, Iran 
Email: Ahmadieh@semnan.ac.ir 
Fax & Tel.: +98 23 31533995 
cDepartment of Control Engineering, K. N. Toosi University of Tech, Tehran, Iran 
Abstract 
This paper presents a novel indirect model reference fuzzy control for the control of a fractional order chaotic nonlinear dynamic 
system. The proposed control scheme benefits from a fractional order reference model which has more degrees of freedom. 
Takagi-Sugeno fuzzy model is used to model the nonlinear dynamic system under control. Some adaption laws are proposed to 
estimate the parameters of the Takagi-Sugeno fuzzy model. The stability of the proposed structure and the proposed adaptation 
laws are proved using a novel Lyapunov function. In order to show the implementability and effectiveness of the proposed 
controller, it is simulated on the control of a fractional order chaotic Duffing oscillator. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility ofthe Organizing Committee of ICAFS 2016. 
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1. Introduction  
In recent years, the control of fractional order nonlinear systems has been paid much attention in literature. This is 
because of the fact that more accurate modeling of many real-world physical systems necessitate the use of 
fractional order differential equation [1]. In [2] fractional-order memristor-based Chua’s circuit is presented. In [3], an 
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electrical component, so-called fractional inductor, is presented which has a fractional-order coupling between flux 
and current. Moreover, a fractional order capacitor is presented in [3] which benefits from a fractional order 
differential relation between its current and voltage. 
The development of fuzzy systems made it possible to use the expert knowledge and experiment to control 
nonlinear dynamic systems. Since this type of controllers show robustness in the presence of modeling uncertainties 
and noise in the system, they are have been successfully applied to many different industrial processes where model-
based approaches fail to perform successfully [4]. Former fuzzy controllers suffer from rigorous stability analyzes 
and systematic method of design. In order to alleviate these problems, different classical control methods are used to 
strengthen fuzzy systems. A class of such controllers requires the solution of a set of LMI [5]. Adaptive control is a 
class of control methods which adapts the parameters of the controller based on the time-varying plant model and 
parameters. In this method, online tuning methods are used to estimate the parameters of the system and these 
estimations are used to design an appropriate using control signal. It is also possible to design the controller directly 
from the input/output data gathered from the system. Adaptive classical approaches are another major class of 
controllers which are used in fuzzy structure to add rigorous stability analysis to them. Adaptive sliding mode 
control[6], indirect model reference controllers[7], and direct model reference controllers [8] are among classical 
control approaches which are already added to fuzzy systems. The stability of these methods are considered using 
Lyapunov theory. Other examples of such approaches can be found in[9, 10].
Model reference controllers are a major class of adaptive control systems [11] in which the desired dynamic 
response of the system is stated as a reference model. Examples of direct model reference adaptive controllers are 
discussed in [12, 13] and their indirect variants are studied in [14, 15]. Basic model reference adaptive controllers are 
designed for linear dynamic systems. In order to improve model reference adaptive controllers and extend their use 
to nonlinear dynamic systems, fuzzy structures, as a flexible general function approximators, may be used. In [16, 17], 
a direct model reference fuzzy controller proposed to control SISO nonlinear systems and in [18, 19] a indirect model 
reference fuzzy controller use to control chaotic systems.
Fractional order systems are the systems which are described by an integrodifferential equation. The main reason 
for the absence of these systems was that the solution to fractional order differential equations is complicated. In 
recent years, many methods are proposed to approximate fractional order differential equations [3]. By use of these 
approximations, it is possible to use fractional order calculus in wide areas of applications. 
In [20], the use of fractional order PID controller is studied. Since fractional order PID controller uses fractional order 
calculus, it benefits from two more degrees of freedom in comparison with the formal PID and it has five parameters 
to be tuned. In [21], the use of adaptive fuzzy sliding mode controller for the synchronization of uncertain fractional 
order chaotic systems are proposed. Fractional fuzzy adaptive sliding mode control of a 2-DOF direct-drive robot 
arm is another example of similar approaches which is studied in [22]. The sliding mode control of fractional order 
systems is considered in [23]. The design of sliding mode controllers with fractional order differentiation is 
investigated in [24]:
This paper proposes a novel method to control fractional order nonlinear dynamic systems using model reference 
fuzzy control approach. To the best knowledge of the authors, this type of controllers was never applied to fractional 
order systems. The benefit of use of such approach to fractional order systems is that it makes it possible to define 
the desired behavior of the system in terms of a fractional order reference model. In order to design the indirect 
model reference fuzzy fractional order control signal, a fractional order identifier is used to identify the model of the 
system and its parameters. The stability of the proposed controller and the adaptation laws of the identifier are 
considered using a novel Lyapunov function. The proposed method is used to control a fractional order Duffing 
oscillator. The simulation results show that the proposed controller is capable of controlling the system with a 
satisfactory performance. 
2.  Design of model reference fuzzy controller for nonlinear systems 
2.1.  Takagi-Sugeno fuzzy model of nonlinear chaotic system 
The chaotic system considered in this paper is in the form of ܦ௤೙ݔ௡ሺݐሻ ൌ ݂ሺݔሻ ൅ ݃ሺݔሻݑ ൅ ݀ሺݔǡ ݐሻ in which 
݂ሺݔሻǣ ܴ௡ ՜ ܴ  and ݃ሺݔሻǣ ܴ௡ ՜ ܴ  are two unknown smooth functions and ݀ሺݔǡ ݐሻ  is the bounded external 
disturbance. This system can be modeled using a Takagi-Sugeno (TS) fuzzy model. Takagi-Sugeno is described by 
fuzzy IF-THEN rules. The ݅th rule of the fuzzy model for nonlinear system can be written as: 
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ܴ௜ǣ ܫ݂ݔଵ݅ݏܯଵ௜ሺݔଵሻܽ݊݀ǥܽ݊݀ݔ௡݅ݏܯ௡௜ ሺݔ௡ሻ݄ܶ݁݊ܦ௤ݔ ൌ ܣ௜ݔሺݐሻ ൅ ܤ௜ݑሺݐሻ ൅ ܤଵ݀ሺݔǡ ݐሻ (1) 
For ݅ ൌ ͳǡǥ ǡ ݈ where ݔሺݐሻ ൌ ሾݔଵሺݐሻǡ ݔଶሺݐሻǡ ǥ ǡ ݔ௡ሺݐሻሿ א ܴ௡denotes the state vector; ݑሺݐሻ א ܴis the input; ݈is the 
number of the rules; ݀ሺݔǡ ݐሻ is unknown bounded external disturbance. 
ܣ௜ ൌ ൦
Ͳ ͳڮͲ Ͳ
ڭ
Ͳ Ͳ ǥ Ͳ ͳ
ܽ௜௡ ܽ௜௡ିଵ ǥܽ௜ଶ ܽ௜ଵ
൪
௡ൈ௡
ǡܤ௜ ൌ ቎
Ͳ
ڭ
Ͳ
ܾ௜
቏
௡ൈଵ
ǡ (2) 
ܤଵ ൌ ቎
Ͳ
ڭ
Ͳ
ͳ
቏
௡ൈଵ
  (3) 
are the state matrices of the fuzzy system. The final output of the fuzzy model is inferred as follows: 
ܦ௤ݔ ൌ ܣݔ ൅ ܤ ቀσ ݓ௜ܽ௜כ
೅
ݔ ൅ σ ݓ௜ܾ௜כݑ௟௜ୀଵ௟௜ୀଵ ቁ ൅ ܤଵ݀ሺݔǡ ݐሻ (4) 
where ݓ௜ሺݔሺݐሻሻ ൌ ς ܯ௝௜൫ݔ௝ሺݐሻ൯௡௝ୀଵ andܯ௝௜൫ݔ௝ሺݐሻ൯ is the grade of membership function of ݔ௝ሺݐሻ in ܯ௝௜ and ܽ௜כ א
ܴ௡ൈଵǡ ܾ௜כ א ܴଵൈଵǤ
The reference model for the system is taken as: 
ܦ௤ݔ௠ ൌ ܣݔ௠ሺݐሻ ൅ ܤሺܽ௠் ݔ௠ ൅ ܾ௥ݎሻ ൌ ሺܣ ൅ ܤܽ௠் ሻݔ௠ ൅ ܤܾ௥ݎ (5) 
where : 
ܣ௠ ൌ ൦
Ͳ ͳڮͲ Ͳ
ڭ
Ͳ Ͳ ǥͲ ͳ
ܽ௠௡ ܽ௠௡ିଵ ǥ ܽ௠ଶ ܽ௠ଵ
൪
௡ൈ௡
ǡܤ௥ ൌ ቎
Ͳ
ڭ
Ͳ
ܾ௥
቏
௡ൈଵ
Ǥ (6) 
and ܽ௠ א ܴ௡ൈଵܾ௥ א ܴଵൈଵǤIt is to be noted that this reference model is a fractional order reference model. An 
identifier is considered for the system as: 
ܦ௤ݔො ൌ ܣݔ ൅ ܤ൫σ ݓ௜ ොܽ௜்ݔ ൅ σ ݓ௜ ෠ܾ௜ݑ௟௜ୀଵ௟௜ୀଵ ൯  (7) 
where ොܽ௜ א ܴ௡ൈଵǤ and ෠ܾ௜ א ܴଵൈଵ are the identified matrices for ܽ௜and ܾ௜.
2.2. Stability analysis of the proposed controller 
Theorem 1.Consider the nonlinear dynamic system in the form of (1) and the reference model (5) with the 
control law as it is defined as follows: 
ݑሺݐሻ ൌ ൛σ ݓ௜൫ݔሺݐሻ൯ȁܾ௜ȁ൛ሾሺܽ௠் െ ܽ௜்ሻ ܾ௜Τ ሿݔሺݐሻ൫ݏ݃݊ሺܾ௜ሻ൯ൟ ൅ σ ݓ௜ሺݔሺݐሻሻȁܾ௜ȁሼሺܾ௥ ܾ௜Τ ሻݎሺݐሻሺݏ݃݊ሺܾ௜ሻሻሽ ൅௟௜ୀଵ௟௜ୀଵ
ݑ௥ൟ ൈ ൛σ ݓ௜ሺݔሺݐሻሻȁܾ௜ȁ௟௜ୀଵ ൟ
ିଵ
  (8) 
and adaption laws as: 
ܦି௤ ෤ܽ௜ ൌ ߛଵ௜݁௠் ܲܤݓ௜ݔ்  (9) 
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ܦି௤ ෨ܾ௜ ൌ ߛଶ௜݁௠ܲܤݓ௜ݑ  (10) 
Assume that the reference signal and states of the reference model are uniformly bounded. Then the adaptation 
laws of (9) and (11) with the control signal of (8) guarantee the stability of the system and it follows that: 
1.݁௠ ՜ Ͳܽݏݐ ՜ λ
2. ොܽሶ ௜ ǡ ෠ܾሶ ௜ ՜ Ͳܽݏݐ ՜ λǤ
Proof. The reader is referred to Appendix A for the proof of this theorem.
Remark 1.Since ܾ௜ appears in the denominator of the control signal, it is required to prevent it from becoming 
zero. In order to do so, the adaptation law is modified as in (11). This modification prevents ܾ௜ from becoming too 
close to zero.  
ܦି௤ ෨ܾ௜ ൌ ቄ
ߛଶ௜݁௠ܲܤݓ௜ݑ݂݅ȁܾ௜ȁ ൐ ܾ଴݋ݎȁܾ௜ȁ ൌ ܾ଴ܽ݊݀ߛଶ௜݁௠ܲܤݓ௜ݑݏ݃݊ሺܾ௜ሻ ൐ Ͳ
Ͳ݋ݐ݄݁ݎݓ݅ݏ݁
 (11) 
where ܾ଴ is a selected lower bounded for ȁܾ௜ȁ and it must be selected as ܾ଴ ൏ ȁܾ௜כȁǡ ݅ ൌ ͳǡǥ ǡ ݈Ǥ
3.  Simulation results 
In this section, the proposed method is simulated on the control of chaotic systems. Consider the following 
fractional order nonlinear dynamic system which corresponds to the dynamic behavior of a Duffing oscillator. This 
chaotic system is one of the mostly visited dynamic systems controlled using different nonlinear control approaches. 
ܦ௤ݔଵ ൌ ݔଶ
ܦ௤ݔଶ ൌ ߙݔଵ ൅ ߚݔଵଷ ൅ ߜݔଶ ൅ ଴݂ ܿ݋ݏሺ߱ݐሻ ൅ ͵ݑ  (12) 
in which ࢛  is the external input signal. The parameters of this system are selected as ࢻ ൌ ૚ǡࢼ ൌ െ૚ǡ ࢾ ൌ
െ૙Ǥ ૚૞ǡ ࢌ૙ ൌ ૙Ǥ ૜ࢇ࢔ࢊ࣓ ൌ ૚.The initial values for the system are selected to be equal to ࢞ሺ૙ሻ ൌ ሾ૚૙Ǥ ૚ሿࢀǤ
A fractional order TS fuzzy system is used to model the fractional order Duffing oscillator. The rules of the fuzzy 
system are considered as: 
If ݔଵ is negative then ܦ௤ݔ ൌ ܣଵݔሺݐሻ ൅ ܤଵݑሺݐሻǤ
If ݔଵ is zero then ܦ௤ݔ ൌ ܣଶݔሺݐሻ ൅ ܤଶݑሺݐሻǤ
If ݔଵ is positive then ܦ௤ݔ ൌ ܣଷݔሺݐሻ ൅ ܤଷݑሺݐሻǤ
The membership functions selected for fuzzy system are considered as follow: 
ߤሺݔሻ ൌ ቄȁݔ ൅ ͳȁ െ ͳ݂݅ െ ʹ ൏ ݔ ൏ Ͳ
Ͳ݋ݐ݄݁ݎݓ݅ݏ݁
ߤሺݔሻ ൌ ቄͳ െ ȁݔȁ݂݅ െ ͳ ൏ ݔ ൏ ͳ
Ͳ݋ݐ݄݁ݎݓ݅ݏ݁
ߤሺݔሻ ൌ ቄͳ െ ȁݔ െ ͳȁ݂݅Ͳ ൏ ݔ ൏ ʹ
Ͳ݋ݐ݄݁ݎݓ݅ݏ݁
The initial values of the state matrices of the system are selected to be equal to: 
ܣଵ ൌ ܣଷ ൌ ቂ
Ͳ ͳ
െʹ െͲǤͳͷቃ ǡ ܣଶ ൌ ቂ
Ͳ ͳ
ͳ െͲǤͳͷቃ
ܤଵ ൌ ܤଷ ቂ
Ͳ
͵ቃ ǡ ܤଶ ൌ ቂ
Ͳ
͵ቃ   (13) 
The reference model matrices for the system are considered as: 
ܣ௠ ൌ ቂ
Ͳ ͳ
െͳͷ െͺቃ ǡ ܤ௥ ൌ ቂ
Ͳ
ͳቃǤ  (14) 
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The eigenvalues of ܣ௠ are ሼെ͵ǡെͷሽ and the reference system is stable considering the theorem 2 as in Appendix 
B.
The response of the system when the reference signal is a sinusoid is depicted in the Fig. 1. As can be seen from 
this figure the tracking is obtained. 
4.  Conclusions 
In this paper, a novel indirect model reference fuzzy control is proposed to control a class of nonlinear fractional 
order chaotic system. By using fractional order reference model more degrees of freedom is reached. The stability of 
proposed structure is proved using an appropriate Lyapunov function. The proposed control signal guarantees the 
boundedness of all signals in the system and makes sure that the states of the chaotic system track those of the 
reference model for any bounded reference input signal. The proposed method is used to control a fractional order 
Duffing oscillator. The simulation results show that the suggested controller can be successfully applied to the 
control of nonlinear chaotic systems.
(a) (b) 
(c) (d) 
Fig. 1:The regulation response of the system: 1a.The phase plane of the controlled system. 1b. The response of ݔଵ, the first state of the system and 
its reference signal. 1c. The response of ݔଶ, the second state of the system and its reference signal. 1d. The control signal. 
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Appendix A.  
The Proof of the theorem 1. is given here. 
ࡰࢗࢋ ൌ ࡰࢗ࢞ෝ െ ࡰࢗ࢞ ൌ ࡮ቌ෍࢝࢏ࢇ෥࢏ࢀ࢞ ൅෍࢝࢏࢈෩࢏࢛
࢒
࢏ୀ૚
࢒
࢏ୀ૚
ቍ െ ࡮૚ࢊሺ࢞ǡ ࢚ሻ
where ෤ܽ௜ ൌ ොܽ௜ െ ܽ௜ǡ ෨ܾ௜ ൌ ෠ܾ௜ െ ܾ௜ and ܽ௜ and ොܽ௜ are the last rows of ܣ௜and ܤ௜, respectively. The equation for the 
tracking error is achieved as: 
ܦ௤݁௠ ൌ െܦ௤ݔ ൅ ܦ௤ݔ௠ ൌ െܦ௤ݔ ൅ ܦ௤ݔො െ ܦ௤ݔො ൅ ܦ௤ݔ௠
so that: 
ܦ௤݁௠ ൌ ܣ௠݁௠ ൅ ሺܣ ൅ ܤܽ௠் ሻݔ ൅ ܤܾ௥ݎ െ ܣݔ െ ܤ൭෍ݓ௜ ොܽ௜்ݔ ൅෍ݓ௜ ෠ܾ௜ݑ
௟
௜ୀଵ
௟
௜ୀଵ
൱ െ ܦ௤݁
ൌ ܣ௠݁௠ ൅ ܤ൭ܽ௠் െ෍ݓ௜ ොܽ௜்
௟
௜ୀଵ
൱ ݔ ൅ ܤܾ௥ݎ െ ܤ෍ݓ௜ ෠ܾ௜ݑ
௟
௜ୀଵ
െ ܦ௤݁
The control signal is taken as: 
ݑሺݐሻ ൌ ൝෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁሼሾሺܽ௠் െ ܽ௜்ሻ ܾ௜Τ ሿݔሺݐሻሺݏ݃݊ሺܾ௜ሻሻሽ
௟
௜ୀଵ
൅෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁሼሺܾ௥ ܾ௜Τ ሻݎሺݐሻሺݏ݃݊ሺܾ௜ሻሻሽ ൅ ݑ௥
௟
௜ୀଵ
ൡ ൈ ൝෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁ
௟
௜ୀଵ
ൡ
ିଵ
In which ݏ݃݊ሺǤ ሻ correlate with the Signum function as: 
ݏ݃݊ሺߠሻ ൌ ൝
ͳǡߠ ൐ Ͳ
Ͳǡߠ ൌ Ͳ
െͳǡߠ ൏ Ͳ
the control signal can be divided into two terms as: ݑ ൌ ݑ௙ ൅ ݑ௥where ݑ௙ is the fuzzy part of control signal and ݑ௥
which is the robustness term of control signal. The ݑ௙ is defined as: 
ݑ௙ሺݐሻ ൌ ൝෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁሼሾሺܽ௠் െ ܽ௜்ሻ ܾ௜Τ ሿݔሺݐሻሽ ൅෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁሼሺܾ௥ ܾ௜Τ ሻݎሺݐሻሽ
௟
௜ୀଵ
௟
௜ୀଵ
ൡ
ൈ ൝෍ݓ௜ሺݔሺݐሻሻȁܾ௜ȁ
௟
௜ୀଵ
ൡ
ିଵ
ݑ௙ሺݐሻ ൌ෍ݓƴ ௜݇௜ݔ ൅෍ݓƴ ௜݈௜ݎ
௟
௜ୀଵ
௟
௜ୀଵ
݇௜ ൌ
ܽ௠் െ ܽ௜்
ܾ௜
ݏ݃݊ሺܾ௜ሻǡ݈௜ ൌ
ܾ௥
ܾ௜
ݏ݃݊ሺܾ௜ሻǡݓƴ ௜ ൌ
ݓ௜ȁܾ௜ȁ
σ ݓ௜ȁܾ௜ȁ௟௜ୀଵ
in order to study the stability of the system, the following Lyapunov function is considered: 
ܸ൫݁ǡ ෤ܽ௜ǡ ෨ܾ௜൯ ൌ
ͳ
ʹ
݁௠் ܲ݁௠ ൅
ͳ
ʹߛଵ௜
൭ܦି௤෍ ෤ܽ௜் ෤ܽ௜
௟
௜ୀଵ
൱ ൅
ͳ
ʹߛଶ௜
൭ܦି௤෍ ෨ܾ௜் ෨ܾ௜
௟
௜ୀଵ
൱ ݁
ൌ
ͳ
ʹ
ሺ݁௠் ܲ݁௠ሻ ൅
ͳ
ʹߛଵ௜
෍ሺܦି௤ ෤ܽ௜்ሻሺܦି௤ ෤ܽ௜ሻ ൅
ͳ
ʹߛଶ௜
෍൫ܦି௤ ෨ܾ௜்൯൫ܦି௤ ෨ܾ௜൯
௟
௜ୀଵ
௟
௜ୀଵ
where ܲ is a positive definite matrix and Ͳ ൏ ߛଵ௜ǡ ߛଶ௜. Using the control signal of (8) and the adaptation laws of (9) 
and (10), the time derivative of the Lyapunov function is achieved as: 
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ሶܸ ൌ
ͳ
ʹ
ܦଵି௤݁௠் ܣ௠் ܲ݁௠ ൅
ͳ
ʹ
݁௠் ܲܣ௠ܦଵି௤݁௠ െ ݁௠் ܲܦଵି௤ܤ ൭෍ݓ௜ ෤ܽ௜்ݔ
௟
௜ୀଵ
൅෍ݓ௜ ෨ܾ௜ݑ
௟
௜ୀଵ
൱ ൅ ܤଵ݀ሺݔǡ ݐሻ
െ ݁௠் ܲܤܦଵି௤ݑ௥ ൅
ͳ
ߛଵ௜
෍ሺܦଵି௤ ෤ܽ௜்ሻሺܦି௤ ෤ܽ௜ሻ ൅
ͳ
ߛଶ௜
෍൫ܦଵି௤ ෨ܾ௜൯൫ܦି௤ ෨ܾ௜൯
௟
௜ୀଵ
௟
௜ୀଵ
ൌ
ͳ
ʹ
ሺܦଵି௤݁௠் െ ݁௠ሻሺܣ௠் ܲ݁௠ሻ ൅
ͳ
ʹ
݁௠் ܲܣ௠ሺܦଵି௤݁௠ െ ݁௠ሻ ൅
ͳ
ʹ
݁௠் ܣ௠் ܲ݁௠
൅
ͳ
ʹ
݁௠் ܲܣ௠݁௠ െ ݁௠் ܲܤܦଵି௤ݑ௥ െ ݁௠் ܲܦଵି௤ܤଵ݀ሺݔǡ ݐሻ
ሶܸ ൌ െ
ͳ
ʹ
݁௠் ܳ݁௠ ൅
ͳ
ʹ
ሺܦଵି௤݁௠் െ ݁௠் ሻሺܣ௠் ܲ݁௠ሻ ൅
ͳ
ʹ
݁௠் ܲܣ௠ሺܦଵି௤݁௠ െ ݁௠ሻ െ ݁௠் ܲܤܦଵି௤ݑ௥
െ ݁௠் ܲܦଵି௤ܤଵ݀ሺݔǡ ݐሻ
ܣ௠is the state matrix of the reference model, so that ܣ௠் ܲ ൅ ܲܣ௠ ൌ െܳ, where ܳ is the positive definite matrix. 
ሶܸ ൑ െߣ௠௜௡ሺܳሻԡ݁௠ԡଶ ൅ ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ െ ݁௠் ܲܤܦଵି௤ݑ௥ െ ݁௠் ܲܦଵି௤ܤଵ݀ሺݔǡ ݐሻ
whereߣ௠௜௡ሺܳሻ corresponds to minimum eigenvalue of ܳ.
By choosing ܦଵି௤ݑ௥ as follows:  
ܦଵି௤ݑ௥ ൌ
݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡݏ݃݊ሺ݁௠் ܲܤሻ ൅ ݇ݏ݃݊ሺ݁௠் ܲܤሻԡ݁௠் ܲܤԡ
ԡ݁௠் ܲܤԡ ൅ ߜ
ሶܸ ൑ െߣ௠௜௡ሺܳሻԡ݁௠ԡଶ ൅ ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ
െ
݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡሺԡ݁௠் ܲܤԡ ൅ ߜ െ ߜሻ ൅ ݇ԡ݁௠் ܲܤԡሺԡ݁௠் ܲܤԡ ൅ ߜ െ ߜሻ
ԡ݁௠் ܲܤԡ ൅ ߜ
൅ ݁௠் ܲܤଵԡܦଵି௤݀ሺݔǡ ݐሻԡ
Using an assumption such that ԡܦଵି௤݀ሺݔǡ ݐሻԡ ൏ ܦௗ, we have: 
ሶܸ ൑ െߣ௠௜௡ሺܳሻԡ݁௠ԡଶ ൅ ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ
െ
݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡሺԡ݁௠் ܲܤԡ ൅ ߜ െ ߜሻ ൅ ݇ԡ݁௠் ܲܤԡሺԡ݁௠் ܲܤԡ ൅ ߜ െ ߜሻ
ԡ݁௠் ܲܤԡ ൅ ߜ
൅ ԡ݁௠் ܲܤଵԡܦௗ
by choosing ܦௗ ൑ ݇:
ሶܸ ൑ െߣ௠௜௡ሺܳሻԡ݁௠ԡଶ ൅ ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ െ ݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ
൅
ߜ݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ
ԡ݁௠் ܲܤԡ ൅ ߜ
൅
ߜ݇ԡ݁௠் ܲܤԡ
ԡ݁௠் ܲܤԡ ൅ ߜ
Furthermore it is possible to choose k as ሼܦௗǡ ͳሽ ൑ ݇, so that:  
ሶܸ ൑ െߣ௠௜௡ሺܳሻԡ݁௠ԡଶ ൅
ߜ݇ԡܦଵି௤݁௠ െ ݁௠ԡԡܣ௠் ܲԡԡ݁௠ԡ
ԡ݁௠் ܲܤԡ ൅ ߜ
൅
ߜ݇ԡ݁௠் ܲܤԡ
ԡ݁௠் ܲܤԡ ൅ ߜ
This result shows that ݁௠ converges to a small neighborhood of zero and stays there. Moreover, it is possible to 
choose this region as small as desired using a small value for ߜǤ
Appendix B.  
Theorem 2. A commensurate-order system described by a rational transfer function as follow[3]: 
ܩሺݏሻ ൌ ܭ଴
σ ܾ௞ሺݏఈሻ௞ெ௞ୀ଴
σ ܽ௞ሺݏఈሻ௞ே௞ୀ଴
ൌ ܭ଴
ܳሺݏఈሻ
ܲሺݏఈሻ
Whereߙ௞ ൌ ߙ݇ǡ ߚ௞ ൌ ߙ݇ǡ Ͳ ൏ ߙ ൏ ͳǡ ׊݇ א ܼǤ This transfer function is stable if and only if 
ȁሺߣ௜ሻȁ ൐ ߙ
ߨ
ʹ
ǡ ݂݋ݎ݈݈ܽ݅
With ߣ௜ being the ݅-th root of ܲሺݏఈሻ.
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